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Exact Black Hole Solutions in Noncommutative Gravity
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An exact spherically symmetric black hole solution of a recently proposed noncommutative gravity
theory based on star products and twists is constructed. This is the first nontrivial exact solution of
that theory. The resulting noncommutative black hole quite naturally exhibits holographic behavior;
outside the horizon it has a fuzzy shell-like structure, inside the horizon it has a noncommutative de
Sitter geometry. The star product and twist contain Killing vectors and act non-trivially on tensors
except the metric, which is central in the algebra. The method used can be applied whenever there
are enough spacetime symmetries. This includes noncommutative versions of rotating and charged
black holes and higher-dimensional and cosmological solutions.
PACS: 04.70.Dy, 04.50.Kd, 11.10.Nx, 04.60.Bc
Introduction.—It is generally expected that the in-
terplay of quantum and gravitational effects at small
distance scales can lead to a quantization of spacetime
itself: Einstein’s theory of gravity, general relativity,
should be replaced by a new theory in which the met-
ric, coordinates and other building blocks of classical
geometry are promoted to operator valued objects.
Such a generalized gravity theory does not necessar-
ily have to strive to be a candidate for a fundamental
theory of physics; important physical insights can also
be obtained from a phenomenological description that
is nevertheless capable of capturing essential aspects
of the quantum geometry that is expected to play a
role in any reasonable theory of quantum gravity [16].
An ideal theoretical laboratory to test such ideas are
quantum black holes [1, 2]. Motivated by this, a lot
of effort has gone into the study of noncommutative
generalizations of quantum field theory. Surprisingly,
when applied to gravity itself this has not been very
successful so far even though gravity was the original
motivation for the endeavor: It turns out to be very
difficult to consistently construct a noncommutative
theory of gravity. The main reason is the peculiar
nature of the group of diffeomorphisms that does not
allow a simple noncommutative extension. This is in
contrast with the group of internal gauge symmetries:
Mathematically consistent theories of noncommuta-
tive gauge fields are readily available and emerge in
fact quite naturally in string theory.
Only recently, it has been attempted to formu-
late theories of noncommutative gravity that preserve
symmetries of classical general relativity. In [5] a con-
sistent theory of noncommutative gravity based on
star products and a twist construction that allows to
retain the full diffeomorphism invariance of general
relativity was proposed. Among other approaches let
us mention the closely related work [4] that features a
noncommutative complex metric. Other authors have
concentrated on noncommutative effects coming from
gravity sources. For reviews see [14, 18]. Noncommu-
tative spacetimes consistent with [5] have been studied
in [20].
Despite the fact that theories of noncommutative
gravity are only starting to mature, it has became
quite popular in the literature to discuss “noncom-
mutative black holes” or “noncommutative horizons”
(and numerous implications of noncommutativity for
black hole physics) based mostly on heuristic argu-
ments. Frequently these objects do not have a clear
mathematical status and moreover it is not clear
whether and how they can emerge as solutions to a
theory of gravity dealing with coordinates and metric
as noncommutative operators.
In this letter we fill a gap in this discussion and
analyze exact solutions to the theory of noncommuta-
tive gravity proposed in [5]. We analyze in particular
a class of such solutions with rotational symmetry.
This restriction provides already in the commutative
case an important class of spacetimes including black
holes. We outline how to construct more general non-
commutative black hole and cosmological solutions.
A key point in our discussion is the observation
that the noncommutative structure of spacetime given
generically by the relation
[xˆµ, xˆν ] = iθµν(x) , (1)
should be consistent with the symmetry of spacetime
just like the metric tensor is. Thus, in the case of
the spherical symmetry not only the metric gµν(x)
but also the tensor θµν(x) should obey spherical sym-
metry. Choosing an appropriate coordinate system
(x0, xi, i = 1, 2, 3) we then have the general form for
the commutation relation
[xˆi, xˆj ] = iλ(xˆ
2)ǫijk xˆk, (2)
where λ can be a function of the Casimir xˆ2 =
∑
i xˆixˆi
of the group of rotations. There is an element of in-
completeness in this picture. The way we think about
noncommutative gravity suggests that both θµν and
gµν are to be considered as independent dynamical
variable. However, although the dynamic of the met-
ric is supposed to be determined from a noncommu-
tative version of Einstein’s equations, no such equa-
2tions are known for the parameter of noncommutativ-
ity θµν . Some sort of equations, analogous to those for
the metric, are however anticipated so that the matter
distribution would determine not only how spacetime
is curved but also how it deviates from the classical
commutative structure. Such a complete theory is not
available at the moment. Our approach, relying on
the symmetry of the problem, nevertheless allows to
maximally restrict the structure of the exact solution
by the given set of equations. That not everything
is fixed by symmetry is however manifest in the fact
that the form of the function λ(x2) is not completely
determined – we necessarily have an ambiguity in our
solutions. Additional ideas (like holography) can be
used to fix this ambiguity. This does not preclude of
course the necessity of eventually finding the complete
set of equations.
Deformed gravity with twisted symmetry. Classical
diffeomorphisms are not compatible with a noncom-
mutative product of tensors. Not even the product
of two scalars will in general transform as a scalar. A
deformed notion of symmetry is needed. It was shown
in [5] that one can in fact keep the classical symme-
try algebra—the universal enveloping algebra of the
vector fields—and deform the Leibnitz rule, i.e. the
coproduct. Such a deformation is most conveniently
done by a Drinfel’d twist. The concrete realization
presented in [5] uses an abelian Reshetikhin-type twist
and works for commutation relations in which θµν is
constant. This framework is too restrictive for our
present purposes, we therefore suggest a generaliza-
tion of this structure which is based on a preferred set
of vector fields, ξn. The suggested form of the twist in
our construction is an expansion in powers of the Lie
derivatives with respect to the Killing vectors acting
on a product of two Hilbert spaces:
F =
∑
N,M
Cn1..nNm1..mMLn1 ..LnN ⊗ Lm1 ..LmM (3)
where Lm is the Lie derivative with respect to the
Killing vector ξm. The coefficients Cn1..nNm1..mM do
not need to be constants as long as they commute
with the vector fields ξm. A generalized star product
is obtained by letting the twist act on a pair of ten-
sors before multiplying the resulting expression with
the usual point-wise product. The twist and the corre-
sponding star product will in general act non-trivially
on tensors. The generalized star product encodes
all the information of a noncommutative (differential)
tensor calculus. The resulting twisted tensor calculus
is governed by a few simple rules: The transformation
of individual tensors is undeformed; tensors and other
geometric objects must be star-multiplied; products
of tensors are transformed using the twisted Leibnitz
rule. The covariant derivative becomes
Dµ ⋆ V
ν = ∂µV
ν + V α ⋆ Γνµα . (4)
Placing the connection coefficients to the right of the
contravariant vector in this expression represents a
choice. Placing the coefficients to the left also yields a
covariant expression and is in fact the natural choice
for covariant vectors. Here and also in some of the
following expressions, in particular for the metric, we
differ from the original article [5] and some of the sub-
sequent publications based on it, where covariance was
not studied carefully enough for our present purposes.
The noncommutative expressions for curvature and
torsion are
[Dµ ⋆, Dν ] ⋆ V
ρ = V σ ⋆Rρσµν − T
λ
µν ⋆ (Dλ ⋆ V
ρ) . (5)
In components:
Rρσµν = ∂µΓ
ρ
νσ − ∂νΓ
ρ
µσ + Γ
λ
νσ ⋆ Γ
ρ
µλ − Γ
λ
µσ ⋆ Γ
ρ
νλ
(6)
T λµν = Γ
λ
µν − Γ
λ
νµ (7)
Remark: These expressions generalize the results of [5]
to the case of non-constant θ, and implicitly use the
fact that ⋆∂µ = ∂µ = ∂µ⋆ i.e ⋆d = d = d⋆ and there-
fore d ⋆ d = d2 = 0, which all follows from [LV , d] = 0.
Also note that all ordering ambiguities that require
us to make choices disappear in the solutions that we
shall discuss.
Metric compatibility of the connection and the two
conditions
(Gµν)
∗
= Gνµ,
(
Γλµν
)∗
= Γλνµ , (8)
which hold in particular for a real symmetric metric,
fix the Christoffel connection coefficients in terms of
the metric
Γαβγ =
1
2
(∂αGγβ + ∂βGαγ − ∂γGαβ) , (9)
where the last index can be raised by solving (in a
formal series in Gαβ and using vanishing torsion) the
following expression:
Γαβγ =
1
2
(
Gγλ ⋆ Γ
λ
αβ + Γ
λ
βα ⋆ Gλγ
)
. (10)
In terms of the hermitean (or real symmetric)
Christoffel connection we can write a noncommuta-
tive analog of the Geodesic equation
duγ
dλ
= uα ⋆ Γγαβ ⋆ u
β , uα =
dxα
dλ
, (11)
which should be interpreted as a quantum mechanical
Heisenberg-type evolution equation for the operators
uα, xα that describe the possible location of events.
Alternatively and in fact more generally one can of
course also study fields in the noncommutative back-
ground.
Contracting two indices of the Riemann curvature
tensor in the usual way gives the covariant Ricci tensor
Rµν = R
λ
µλν . (12)
3The noncommutative gravity equations in vacuum be-
come
Rµν = 0 . (13)
In the presence of matter the noncommutative gravity
equations are best written in the form that Einstein
originally used,
Rµν = 8πGN
(
Tµν −
1
2
GαβT
)
, (14)
where Tµν and its trace T describe (noncommutative)
matter. Expanded in terms of the metric field and
its derivatives these are very complicated PDEs with
derivatives up to arbitrary order. A priory the ques-
tion for solutions and appropriate boundary condi-
tions of these PDEs seems to be ill-posed. We define
a solution to be a mutually compatible pair of an al-
gebra (with compatible twist) and a metric that solve
the non-commutative gravity equations.
Noncommutative Schwarzschild solution. As we are
interested in spherical symmetry, we consider a set of
Killing vectors ξi = ǫijkx
k∂j that satisfy
[ξi, ξj ] = −ǫijkξk Lξig
µν = 0 (15)
(plus one Killing vector for time) and a compatible
algebra
[xi ⋆, xj ] = 2iλǫijkxk (16)
where λ can be a function of the Casimir, as we have
mentioned already. For the time being we shall con-
centrate on the case of commutative time in the spirit
of looking for stationary solutions. Later in the pa-
per we shall also discuss the possibility of time-space
noncommutativity in our model. For consistency we
need to use isotropic coordinates in the ansatz for the
metric:
ds2 = −A(ρ)dt2 +B(ρ)(dx2 + dy2 + dz2) (17)
where ρ2 ≡ gijx
ixj = x2+ y2+ z2 is the square of the
radial coordinate on the classical commutative aux-
iliary space that underlies the noncommutative star
product algebra and A(ρ), B(ρ) are functions to be
determined.
The noncommutative coordinate algebra is realized
(for x 6= 0) by the star product [7]
f ⋆ g = fg +
∞∑
n=1
Cn(
λ
ρ
)Ja1b1 . . . Janbn ·
· ∂a1 . . . ∂anf ∂b1 . . . ∂bng , (18)
where
Jab = ρ2δab − xaxb + iρǫabcxc (19)
and the coefficients Cn are related to the beta func-
tion:
Cn(
λ
ρ
) = B(n,
ρ
λ
)
=
λn
n! ρ(ρ− λ)(ρ− 2λ) · · · (ρ− (n− 1)λ)
.
(20)
An alternative form of the same star product is [13]
f ⋆ g = fg +
∞∑
n=1
Cn(
λ
ρ
)ξ+
nf ξ−
ng (21)
with left invariant Killing vector fields ξ± that are
fixed by the relation ξ± ≡ ξ1 ± iξ2 which holds along
the positive z-axis. In this form the star product for
functions can be generalized to a star product of ten-
sors with the help of Lie derivatives
V ⋆W = VW +
∞∑
n=1
Cn(
λ
ρ
)Lnξ+V L
n
ξ
−
W . (22)
A corresponding projective twist of the anticipated
form can be read off:
F¯ =
∑
Cn(
λ
ρ
)Lnξ+ ⊗ L
n
ξ
−
. (23)
This twist has previously been discussed in [6], where
it was called a “pseudo twist” because it defines a par-
tial isometry rather than a bijection. This property
will be responsible for the projection onto an onion-
type spacetime which effectively reduces the dimen-
sionality of spacetime by one as we shall see.
Notice that the components of the Killing vectors
are linear in the coordinates. An immediate conse-
quence of this property is the fact that any number of
partial derivatives ∂σ1 ..∂σpTµ1..µk applied to a tensor
Tµ1..µk transforms as a tensor under the infinitesimal
transformations generated by vectors ξi. A related
fact that is checked by direct calculation is that the
Lie derivative Li w.r.t. vector ξi commutes with any
partial derivative,
Li∂σTµ1..µk = ∂σLiTµ1..µk , (24)
which in fact is just a coordinate dependent expression
of the relation [Li, d] = 0. The spherically symmet-
ric metric is by definition annihilated by each Killing
vector, Ligµν = 0, i = 1, 2, 3. The property (24)
means that applying any number of partial deriva-
tives to metric we get an object that is annihilated by
the Killing vectors,
Li∂σ1 ..∂σpgµν = 0 (25)
In particular, this is true for the Christoffel symbols
and the Riemann tensor. Now, since our star product
is defined with help of the twist (3,23) is built in terms
4of the Lie derivatives of the Killing vectors, we have
the following property
Tµ1..µk ⋆ ∂σ1 ..∂σpgµν = Tµ1..µk∂σ1 ..∂σpgµν
= ∂σ1 ..∂σpgµν ⋆ Tµ1..µk
(26)
valid for any tensor Tµ1..µk . Thus, the star product
disappears and the gravitational equations without
matter become commutative, i.e. those derived by Al-
bert Einstein in 1915. The spherically symmetric so-
lution of these equations was derived by Schwarzschild
in 1916. We obtain it in isotropic coordinates in the
following form
g00 =
a
r
− 1 , g0i = 0 , gij =
r2
ρ2
δij (27)
where
r =
1
ρ
(
ρ+
a
4
)2
. (28)
The parameter a is the Schwarzschild radius, r is the
Schwarzschild radial coordinate. The event horizon
is at r = a or, in our coordinates, at ρ = a
4
. The
important difference of metric (27) as a solution to
the noncommutative gravitational equations is that
now ρ is not a continuous number but a function of
the quadratic Casimir operator of the noncommuta-
tive algebra of coordinates. In fact, using (18) we find
∑
xi ⋆ xi = ρ(ρ+ 2λ) . (29)
Spacetime “coordinates” and fields (other than the
metric) are nontrivial operators acting on a Hilbert
space. Measuring the coordinates of an event should
give real results, hence we should consider unitary rep-
resentations of the coordinate algebra (16). These are
labeled in terms of spin j = 0, 1/2, 1, 3/2, . . . and the
corresponding eigenvalues of the Casimir
∑
xi ⋆xi are
(2λ)2j(j+1). In terms of the radial coordinate ρ this
becomes
ρ = nλ , n ≡ 2j = 0, 1, 2, . . . (30)
with standard degeneracy (2j+1) = n+1. The condi-
tion ρ > a/4 ensures that we are outside the horizon
and puts a lower limit on the quantum number n:
n > a/4λ. This completes our derivation of the exact
solution.
The noncommutative spacetime described by the
metric (27) is sliced with fuzzy spheres. The radial
coordinate has become discrete, effectively decreasing
the dimensionality of spacetime by one. For constant
λ we would have an equidistant radial spectrum (in
isotropic coordinates), but λ can itself be a function
of ρ and conceivably also of the black hole parame-
ter a = 2m. The possible form of the function λ(ρ)
can be restricted by physical considerations: A natu-
ral choice leads to the equidistant area spectrum con-
jectured by Bekenstein and Mukhanov [3]. For large
distances ρ/a≫ 1 there are choices for λ that lead to
a constant density of states. A more detailed discus-
sion of the physics and mathematics underlying λ will
be given elsewhere.
It is instructive to look in more detail at the Hilbert
space of states that describes the possible location of
events in the noncommutative black hole spacetime:
Without black hole, i.e. for a = 0 all values of the
quantum number n = 2j are allowed, each value cor-
responding to a unitary irreducible representation of
SU(2) of dimension 2j + 1. For nonzero a all states
with n ≤ a/4λ are effectively hidden by the horizon.
This is not meant to imply that these states continue
to exist inside the horizon – in fact the structure in-
side the horizon is quite different, as outlined below
– but are in any case not accessible for outside ob-
servers (resting sufficiently far away from the black
hole). The Hilbert space of the missing states can be
rewritten as a direct sum of two representations: One
is the tensor product of two irreps of spin j and cor-
respond to a scalar function on a fuzzy sphere; the
other one is the tensor product of a spin j and a spin
j ± 1/2, corresponding to a spinor on a fuzzy sphere.
The whole structure is reminiscent of a fuzzy super-
sphere [21]. The Hilbert space of the accessible states
outside the horizon is thus given by a scalar plus a
spinorial function on a sphere minus a fuzzy sphere.
We are quite literally dealing with a fuzzy black hole.
The horizon is modeled by a fuzzy sphere – the fact
so much anticipated in the literature. It is the fuzzy
sphere of states that ceases to exist due to the forma-
tion of the black hole. The surprising thing is that
the probability amplitude for the location of events is
described by (wave)functions on the two dimensional
surface of a sphere, while in ordinary quantum me-
chanics one would have expected wave functions living
in three dimensions. The idea of holography is realized
very naturally in our model. A heuristic explanation
of the fact that the dimension is effectively reduced
from 3+1 to 2+1 is that the coordinate commutation
relations (16) allow to express any one coordinate in
terms of the other two. This effect disappears in the
commutative limit.
Inside the horizon. Finding a solution of the non-
commutative gravity equations inside the horizon is
more involved. The purpose of finding a solution is
on one hand a proof of principle on the other hand
it is interesting to see what happens with the central
singularity. We shall focus again on the case of com-
mutative time. The noncommutative solution outside
the horizon is based on the possibility to choose ap-
propriate Euclidean coordinates x1, x2 and x3 that
form an SU(2) algebra. This possibility is related to
the fact that outside the horizon, where g00 > 0, the
slices of constant time are conformal to Euclidean flat
spacetime. Thus, in this case, the construction goes
in the same way as that of fuzzy spheres in flat space.
Surprisingly, this construction cannot easily be contin-
5ued inside the horizon, where g00 < 0, because there
are no slices that are conformal to 3-dimensional Eu-
clidean flat space. Inside the horizon the slices of con-
stant t are conformal to de Sitter spacetime. Three-
dimensional de Sitter spacetime can be defined start-
ing with flat 4-dimensional spacetime with the metric
ds2 = −dx20 + dx
2
1 + dx
2
2 + dx
2
3 (31)
and looking at the subspace satisfying the condition
− x20 + x
2
1 + x
2
2 + x
2
3 = −1 . (32)
We can now quantize x1, x2, x3 as before, imposing
SU(2) commutation relations (2). In terms of ρ2 =
x21 + x
2
2 + x
2
3 we find x
2
0 = 1 + ρ
2. The metric inside
horizon has the form
g00 = 1−
a
r
, g0i = 0 gij =
r2
ρ2
(δij −
xixj
ρ2
) (33)
The relation between coordinates r and ρ is
ρ2 =
a
4r
1
(1− r
a
)
(34)
Infinite values of ρ correspond either to r = 0 (sin-
gularity) or to r = a (horizon). We thus need two
infinite sequences of fuzzy spheres to cover the inte-
rior of the black hole with accumulation points at the
horizon and at the central singularity. The singularity
at r = 0 is resolved in the sense that it is now replaced
with a sequence of fuzzy spheres of quantized radius.
The interior of the black hole is mostly empty. The
majority of states is concentrated either near the sin-
gularity or the horizon. This is different from how the
states are distributed outside the horizon where most
states are at large values of the radius.
Time-space noncommutativity. In the spirit of a
time-independent solution we have so far only con-
sidered noncommutative structures with commutative
time. Spherical symmetry is also consistent with non-
trivial time-space commutation relations: The appro-
priate commutation relations
[xˆi, tˆ] = iλ
′(x)xˆi (35)
define what is usually referred to as “kappa
Minkowsky space”. The parameter λ′(x) can depend
on the casimir x2, but should be time-independent.
Associativity is a strong constraint in noncommuta-
tive theories. In the present case it implies that com-
mutation relations (2) and (35) for non-zero λ, λ′ are
only consistent if λ is proportional to xˆ2, but in that
case the space outside the black hole would consist
only of a single spherical shell. Since this is clearly
unphysical, either λ or λ′ should be zero. In some
approaches to noncommutative gravity it is advanta-
geous to have non-trivial commutation relations for
all spacetime coordinates [17], and despite of what
we have just discussed, it is indeed possible to find
time-space commutation relations that are consistent
with (2):
[xˆi, tˆ] = iλ˜(x)ǫijk vˆj xˆk (36)
or more concisely [~x, t] = iλ˜~v×~x. Without loss of gen-
erality ~v can be chosen to be a unit vector pointing
in the direction of the zenith. The corresponding az-
imuthal angle φ satisfies (loosely speaking) canonical
commutation relations with time [φ, t] = iλ˜. Mathe-
matically more precisely this should be written
[tˆ, eiφ] = λ˜eiφ (37)
and has a very interesting representation theory that
requires a careful physical interpretation which we will
discuss elsewhere. The commutation relations (36) are
not fully spherically symmetric as there is a preferred
direction—all we have is cylindrical symmetry. This
is, however, exactly what we need to find solutions for
noncommutative rotating black holes. For all men-
tioned commutation relations there exist twists that
have the property that they act trivially on a metric
with the appropriate symmetry. In fact, the commu-
tation relations (35), (36) can be identified in a sys-
tematic search for ablian twist compatible with spher-
ical symmetry [20]. Repeating the construction that
we did for the Schwarzschild black hole with the non-
commutative structure (36) gives a noncommutative
version of the Kerr solution. Thus not surprisingly,
the commutation relations (37) have also been found
in a noncommutative version of the (2+1)-dimensional
BTZ black hole [15].
Summary and discussion.—We have outlined a
method for the construction of exact solutions to the
noncommutative gravity theory that was proposed
in [5]. This is not a full quantum theory of gravity
with a quantized gravitational field, but rather a grav-
ity theory in a given quantum geometric background.
Correspondingly we do not consider Hamiltonian con-
straints as in canonical quantum gravity [16] but in-
stead solve Einstein equations explicitly. In view of
the fact that the deformed Einstein equations are in-
finite order partial differential equations for the met-
ric, it was a priori not clear that exact solutions are
possible at all. As in ordinary general relativity the
key point are spacetime symmetries. For the noncom-
mutative Schwarzschild geometry we require not only
the metric but also the noncommutative algebra to
be spherically symmetric. The appropriately general-
ized star product acts nontrivially on tensors in such
a way that the metric and its derivatives are central
in the algebra of operators. The metric thus turns
out to be formally identical to its classical counterpart
(in isotropic coordinates), but coordinates, equations
of motion and field equations are truly noncommuta-
tive. The resulting noncommutative spacetime has a
discrete onion-shell like structure outside the horizon.
Counting degrees of freedom of matter in such a back-
ground we quite naturally find holographic behavior
6with entropy following an area law. Inside the horizon
we find that the central singularity is not part of the
solution, but it is not smeared out as one may have
hoped. Such a smearing effect may nevertheless hold
in noncommutative theories, but would most likely
come from deformed matter equations [18].
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